This paper presents a three-dimensional topology optimization method for the design of flow field in vanadium redox flow batteries (VRFBs). We focus on generating a novel flow field configuration for VRFBs via topology optimization, which has been attracted attention as a powerful design tool based on numerical optimization. An attractive feature of topology optimization is that a topology optimized configuration can be automatically generated without presetting a promising design candidate. In this paper, we formulate the topology optimization problem as a maximization problem of the electrode surface concentration in the negative electrode during the charging process. The aim of this optimization problem is to obtain a topology optimized flow field that enables the improvement of mass transfer effect in a VRFB. We demonstrate that a novel flow field configuration can be obtained through the numerical investigation. To clarify the performance of the topology optimized flow field, we investigate the mass transfer effect through the comparison with reference flow fields-parallel and interdigitated flow fields-and the topology optimized flow field. In addition, we discuss the power loss that takes account of the polarization loss and pumping power, at various operating conditions.
Introduction
Over the past years, there has been growing interest in renewable energy since the increase of carbon emission poses a great threat to the environment. Despite the significance of renewable energy, the intermittent characteristics of sources, such as solar, wind or water, is a fatal drawback for renewable energy, which leads to the increased uncertainty in the supply of electricity. To address this issue, one promising solution is to regulate the power delivery via energy storage technology. Among the energy storage systems, vanadium redox flow batteries (VRFBs) attract a lot of attention due to the advantageous features: scalability, low cost and long cycle life [1] . However, achieving high performance in terms of power density is a critical issue for cost-effectiveness of VRFBs.
The polarization losses in VRFBs are mainly caused by ohmic, mass transfer and charge transfer losses [2] . Several researchers contributed to reduce overpotentials via a new cell architecture [3] , and modified electrode configuration and membrane [4] [5] [6] . For charge transfer losses, Li et al. [7] proposed electrodes containing nanoparticles that can improve performance of VRFBs due to the acceleration of charge transfer compared to the conventional VRFBs. Li et al. [8] claimed that reduction of charge transfer losses can be achieved by adding graphite oxide to electrodes.
For given electrochemical conditions, the performance of VRFBs depends on mass transfer losses mainly, where mass transfer effect can be ameliorated by different flow fields [9] .
Xu et al. [10] numerically investigated the performance of VRFBs with several different types of flow fields and found the VRFB with serpentine flow field achieved maximum powerbased efficiency at the optimal flow rate. Studies based on experiments demonstrated that interdigitated flow fields can further improve the performance of VRFBs due to the enhanced mass transfer effect [11] [12] [13] . Although few types of flow field have been found to reduce mass transfer losses, it is still laborious for the design of flow field due to the complicated physical and chemical mechanisms in VRFBs.
Based on physical principles and mathematical models, Bendsøe and Kikuchi [14] proposed topology optimization that is a powerful approach to find optimal configurations. Topology optimization expresses a structural optimization problem as a material distribution problem in a given design domain and then derives promising configuration on the basis of mathematical programming [15] . One of the attractive feature of topology optimization is that an innovative configuration can be automatically generated from a blank design domain without designer's intuition. Due to its high degree of design freedom, topology optimization has been applied to various structural optimization problems, e.g., stiffness maximization problems [14, 16] , eigenfrequency problems [17, 18] , thermal problems [19, 20] , and electromagnetic problems [21, 22] ; furthermore, applications to practical device designs have also been attracted attention in micro actuator design [23] , fuel cell design [24, 25] and so on.
For flow field design problems, Borrvall and Petersson [26] proposed a topology optimization method to minimize power dissipation in Stokes flow, and this has been expanded to laminar Navier-Stokes flow problems [27] [28] [29] lems [30, 31] . The fluid topology optimization has been applied to multiphysics problems such as fluid-structure interaction problems [32, 33] , forced convection problems [34] [35] [36] , natural convection problems [37] [38] [39] and turbulent heat transfer problems [40, 41] .
Recently, Yaji et al. [42] proposed a topology optimization method for the design of flow fields in VRFBs. In their approach, instead of the formula of practical electrochemical reactions, a simplified formula is introduced as a two-dimensional model. They provided novel flow field configurations of a VRFB and clarified that the optimized configurations tend to be the type of the interdigitated flow field.
As a more comprehensive study, this paper aims to construct topology optimization for flow fields in VRFBs based on a three-dimensional model incorporating with electrochemical reaction kinetics. Referring to the models presented by several researchers [43] [44] [45] , a three-dimensional numerical model of a negative electrode in a VRFB is introduced and the electrolyte flow is assumed as stationary and isothermal Stokes flow for simplification. We demonstrate that the proposed approach enables the generation of a novel flow field configuration through the numerical example. To confirm the performance of the topology optimized flow field, we investigate the mass transfer effect and overpotential of the topology optimized flow field in comparison with reference flow fields-parallel and interdigitated flow fields. In addition, we discuss the power loss [10, 46] in terms of polarization loss and pumping power at different operating conditions. The reminder of this paper is organized as follows. In Section 2, we introduce the mathematical model and assumptions of a VRFB. In Section 3, we formulate a topology optimization problem that aims to maximize the mass transfer effect of a three-dimensional flow field in the VRFB and construct the optimization algorithm based on the use of mathematical programming and the finite element method (FEM). In Section 4, we provide numerical examples and demonstrate the usefulness of the proposed approach. Finally, Section 5 concludes this paper and summarizes the obtained results.
Mathematical model

Model assumptions
A schematic diagram of a typical redox flow battery is shown in Fig. 1 . The positive and negative electrodes are separated by the ion exchange membrane, which only allows protons to penetrate. We suppose that the electrodes compose of the carbon fiber electrode and flow channel. Note that the use of flow channel enables the reduction of pressure loss in comparison with the case of only using the carbon fiber electrode [10] . When the electrolyte stored in tanks circulates through the positive and negative electrode separately by pumps, the electric energy is released or stored by the electrochemical reactions in the electrodes. The main reactions can be described as follows:
Negative electrode:
Furthermore, only the negative electrode is considered in this work and some basic assumptions are used for simplification as follows [44] :
1. The electrolyte flow is treated as stationary, incompressible and isothermal Stokes flow. 2. The dilute-solution approximation is used in this numerical model. 3. The side reactions are neglected in electrochemical reactions. 4. The migration phenomenon is ignored in the species transport process.
Governing equations
Based on the assumptions presented in the previous section, governing equations incorporated in the numerical model are introduced here. The electrolyte flow passing through the flow channel in VRFBs can be described by Stokes equation and continuity equation as follows:
where µ is the viscosity of electrolyte flow, and p(x) and u(x) are the pressure and velocity at position x, respectively.
In addition to the flow channel, the porous electrode is also permeated with the electrolyte flow and the velocity in the electrode can be expressed by Darcy's law:
where K is the permeability coefficient, which can be described by the Kozeny-Carmen equation [47] as follows:
where d f is the fiber diameter, ε is the porosity of electrodes, K ck is the Carman-Kozeny constant described by the characteristic of the fibrous material. In addition, instead of the electrolyte flow described by Stokes equation and Darcy's law respectively, Brinkman equation that combines Stokes equation with Darcy's law can be used to describe the electrolyte flow in the mixture of different porous medium generally and is formulated as
where F is the body force given by
where α is the so-called inverse-permeability that is defined as α = µ/K in the porous medium, while α = 0 in the pure fluid domain.
With the electrolyte flow containing vanadium species, the species transport needs to be considered in the numerical model, which can be expressed as follows:
where c i is the concentration of vanadium species i ∈ {V 2+ , V 3+ }, and s i is the source term of species i due to electrochemical reactions, s V 2+ = j/F and s V 3+ = − j/F, where j and F are the transfer current density and the Faraday constant, respectively. In addition, D eff i is the effective diffusion coefficient of species i and is given by the Bruggemann correction, as follows:
where D i is the diffusion coefficient of species i. The charges in a VRFB conserve since the charge entering the electrolyte is balanced by the charge leaving the electrode, where the expression is shown as follows:
where i e is the ionic current density, and i s is the electronic current density. However, when the charge flows from the electrolyte to the electrode, the electrochemical reactions should take place on the electrode surface, which must be also taken account into the charge conservation. With the electrochemical reaction kinetics, Eq. (11) can be rewritten as
In addition, since the electrolyte is assumed to be electrically neutral and the migration term is ignored, the total ionic current density can be further expressed in terms of electric potential in the electrolyte as follows:
where i i is the ionic current density of species i, φ e is the electric potential of the electrolyte, κ eff e is the effective conductivity of the electrolyte, R is the gas constant, T is the temperature, and z i is the valence. The detailed derivation of Eqs. (13) and (14) refers to the previous work by Shah et al. [43] .
Likewise, the electronic current density can also be expressed in terms of electric potential in the electrode given by the Ohm's law, as follows:
where σ s is the conductivity of the solid material of the electrode, σ eff s is the effective conductivity of the electrode, and φ s is the electric potential of the electrode. Note that the effective conductivity of the electrode is corrected by the Bruggemann correction.
The transfer current density j, which originates from electrochemical reactions, can be described using Butler-Volmer equation, as follows:
where i 0 is the exchange current density, η is the overpotential, α c and α a are the cathodic and anodic transfer coefficients, k is the reaction rate constant, a is the specific area of the electrode, and R sb i = c s i /c i is the ratio of the surface concentration of species i to the bulk concentration in the negative electrode, in which c s i is the species concentration at the surface of the negative electrode.
The overpotential in Butler-Volmer equation is the difference between the electrode potential and the electrolyte potential, which can be expressed as follows:
where U is the open-circuit potential in the negative electrode, which can be estimated by Nernst equation as follows: where U 0 is the equilibrium potential.
The species concentration at the electrode surface c s i differs from the bulk concentration c i owing to the electrochemical reactions taking place at the electrode surface and the conductivity difference between the electrode and electrolyte. According to the previous research [44] , c s i are given by
where M and P are defined as follows:
where k m is the mass transfer coefficient, which can be estimated by the following equation [48] :
Boundary conditions
In this section, the boundary conditions used in the numerical model during topology optimization process are introduced. Figure 2 shows the schematic diagram of the analysis domain and boundary settings. The pressure conditions are imposed on the inlet and the outlet, and the no-slip condition is applied on the remaining outer boundaries. The expressions are shown below:
p = p out on the outlet, (27) u = 0 on the remaining boundaries,
where p in is the given pressure value on the inlet, and p out is the given pressure value on the outlet. For species conservation, the given concentration of each species is applied on the inlet and the diffusive fluxes of each species are set to zero on the outlet. Besides, the no-flux condition is also applied on the remaining boundaries. The boundary conditions for species conservation are shown below:
− D eff i ∇c i · n = 0 on the remaining boundaries.
For charge conservation, the VRFB is assumed to be operated in galvanostatic situation. During charging process, the flux conditions in the negative electrode can be described as follows:
− κ eff e ∇φ e · n = I A on the wall 2,
where I is the applied current, and A is the electrode surface area. Note that the remaining boundary conditions for φ s and φ e are the no-flux conditions as with Eq. (30).
Topology optimization for flow fields
Concepts of topology optimization for fluid problems
Topology optimization aims to obtain the improved structural design in a specific domain with a given objective function and constraints. The main idea is to formulate a topology optimization problem as a material distribution problem, where the expression for material distribution in a fixed design domain D is defined as follows [15] :
where x is the position in D, and Ω is the design domain in D. In this expression, χ(x) = 1 and χ(x) = 0 represent the material and void at x, respectively. Since the characteristic function χ is a discontinuous function, topology optimization problems typically require relaxation techniques for numerical treatment. As the popular and simple way for relaxing topology optimization problems, the density approach [16] replaces the characteristic function with a continuous function, 0 ≤ ρ(x) ≤ 1, which is also used in this paper.
To determine which points in D should be fluid or solid, based on the previous research dealing with fluid topology optimization [26] , the body force in Eq. (8) is redefined using the fictitious body force, F fic , as follows:
where α fic is the fictitious inverse-permeability used for expressing the solid domain D \ Ω as with the previous work [26] , and q is a tuning parameter for controlling the convexity of α fic ρ . In addition, ρ = 1 represents the fluid domain with α fic ρ = 0, and ρ = 0 represents the solid domain with α fic ρ = α fic 1. In the solid domain, since the fictitious body force is large enough compared to the fluid domain, it is difficult for fluid to pass Estimated through the solid domain. Therefore, according to the sensitivity information of the objective function, the fictitious body force is determined at each point in D so that the structural design of flow channel can be obtained. Note that the fictitious inverse permeability, α fic , is different from α in Eq. (7). That is, the former is used for expressing the solid domain in the fixed design domain D, whereas the latter is used for expressing the porous electrode that is the non-design domain. In this study, q and α fic are set to 0.01 and 5α, respectively.
Description of optimization problem
In VRFBs, the mobility of ions in electrolyte is poor compared to the electrons, which means it is more difficult to reach the electrode surface for ions. With the flow channel embedded in a VRFB, the mass transfer effect is improved so that the concentration of reactants at the electrode surface will also increase. Therefore, whether the mass transfer effect is improved can be estimated by the concentration of the reactants at the electrode surface. During charging process, the optimization problem can be defined as a maximization problem of average concentration of oxidized reactants at the electrode surface in a negative electrode. The expressions of this optimization problem are shown as follows:
Note that the detailed expressions of c s V 3+ can be found in Eq. (22).
Numerical implementation
The governing equations are solved by using the package COMSOL Multiphysics R , which is based on the FEM. The optimization algorithm is constructed on the basis of mathematical programming and is briefly enumerated as follows:
Step 1. The design variables and all of the parameters shown in Table 1 -4 are initialized.
Step 2. The objective function F in (36) is evaluated by solving the governing equation via the FEM.
Step 3. If the objective function is converged, the iteration will terminate. Otherwise, the sensitivities-gradient of objective function with respect to the design variables-are calculated.
Step 4. The design variables are redistributed in the fixed design domain D using sequential linear programming (SLP), and the iteration will return to the second step.
We utilize a partial differential equation (PDE)-based filter [49] for ensuring the smoothness of the design variables [42] . In addition, we use the adjoint method that enables the derivation of the sensitivities without depending on the number of design variables. The detailed concepts and formulation of the adjoint method can be seen in the literatures on structural optimization [15, 50] . Figure 3 shows the iteration history of topology optimized flow field, in which the electrolyte domain is expressed as the isosurface of ρ ≥ 0.5. The analysis domain is discretized using 2.4 × 10 5 hexahedral elements for all variables in this study. In the topology optimized design shown in Fig. 3 , as with the interdigitated flow field, some of the flow channels are not connected in the topology optimized flow field, where the disconnectivity of the flow field can enhance the mass transfer effect so that the mass transfer loss can be further reduced. 
Numerical examples
Topology optimized flow field
Effect of flow field design
To compare the differences between the concentration of vanadium species with different flow fields, Fig. 4 shows the geometric model of the flow fields and the distributions of c V 2+ and c V 3+ on the plane located in the middle of the electrode. The geometric parameters of the electrode refers to Table 1 . Besides, the width and thickness of the flow channel is 3 mm and the interval between the branches of the flow field is 9 mm. As shown in Fig. 4 , the under-rib convection of the parallel flow field is weak, especially on both sides of the electrode. The velocity of electrolyte flow to both sides is small in the electrode since it is difficult for the parallel flow field to distribute the electrolyte to both sides of the electrode effectively. In contrast, the under-rib convection is strong in the interdigitated flow field and topology optimized flow field. Figure 5 shows that the value of objective function in the optimization problem described as (36) , and overpotential in the topology optimized flow field and interdigitated flow filed indicate higher performance than those of the parallel flow field at constant pressure drop. Since the under-rib convection is weak in the parallel flow field, the value of objective function with the parallel flow field is the lowest. Besides, the electrode surface concentration decreases, as the pressure drop decreases for all the flow fields. In other words, the species will be more difficult to reach the electrode surface at low flow rate, which means the mass transfer effect is dominated by the flow channel. Accordingly, the overpotential with topology optimized flow field is the lowest among the flow fields due to the strongest mass transfer effect caused by the topology optimized flow field. However, it should be noted that the overall performances of the optimized flow field and the interdigitated flow field are almost same in this numerical example.
Power loss
In a VRFB system, the polarization loss is caused by the need for extra voltage to occur electrochemical reactions. In addition to the polarization loss, the pumping power should be also taken into account for the evaluation of VRFB system. We therefore introduce the following evaluation index:
where P loss is the sum of the polarization loss (Iη), and the pumping power loss (Q∆P), Q is the flow rate, and ∆P is the pressure drop. Note that, for brevity in this study, the evaluation index in Eq. (37) is defined as a simple expression using the dominant factors, whereas the performance of VRFB systems relates with various factors on the authority of the previous works [10, 46] . Figure 6 shows the power loss corresponding to variant flow rates. At low flow rate of 1 mL/s, the power loss with the topology optimized flow field is the lowest one at current of 4 A or 10 A. Although the pressure drop in the topology optimized flow field shown in Table 5 is the highest, the pumping power is trivial compared to the polarization loss, which results in the lowest power loss with the topology optimized flow field. At high flow rate of 15 mL/s, the parallel flow field shows the lowest power loss at current of 4 A. However, the power loss with these flow fields is almost the same at current of 10 A. At high applied current, the electrochemical reactions at the electrode surface become strong and the polarization loss will increase. Therefore, with the strongest mass transfer effect caused by the topology optimized flow field, it is obvious that the difference of the total power loss between these flow fields decreases as the applied current density increases at high flow rates, even if the pumping power increases as the flow rate increases. In contrast, at flow rate of 1 mL/s, the differences in the power loss between the flow fields increases as the applied current increases because the power loss is mainly from the polarization loss at current of 4 A and the polarization loss will be more dominant in power loss as the current increases from 4 A to 10 A. The results demonstrate the topology optimized flow field is more useful for VRFBs at high applied current. Figure 7 shows the comparison results of the power loss at different operating condition at ε = 0.68 and I = 10 A. For all the flow fields, the power loss increases in comparison with the case of ε = 0.929 in Fig. 6 . At flow rate of 1 mL/s, with the weaker mass transfer effect, the power loss of the interdigitated flow field and the topology optimized flow field increases from 0.413 to 0.505 and from 0.405 to 0.470 as the porosity decreases from 0.929 to 0.68. The differences between the flow fields become larger at low porosity. At flow rate of 15 mL/s, since the pressure drop in the topology optimized flow field is larger than that of the interdigitated flow field and the polarization loss falls slowly when the flow rate increases from 1 mL/s to 15 mL/s, the total power loss with interdigitated flow field is less than the loss with the topology optimized flow field. For low porosity, the polarization loss and pumping power will be more dominant at low and high flow rate respectively.
Conclusion
In this paper, we proposed a topology optimization method for the flow field in a VRFB based on a three-dimensional numerical model. We demonstrated that the optimization problem can be formulated as a maximization problem of the electrode surface concentration of oxidized reactants during the charging process. Based on the proposed formulations, we derived a novel flow field configuration and evaluated its performances in comparison with reference flow fields-parallel and interdigitated flow fields. As a result, we verified that a VRFB with the topology optimized flow field can achieve almost same performances with those of the interdigitated flow field, which has stronger mass transfer effect than the parallel flow field. We further investigated the power loss with the parallel, interdigitated and topology optimized flow fields under different operating conditions. The results demonstrated that a VRFB with the topology optimized flow field is more suitable for a VRFB at high applied current density. We confirmed that the topology optimized flow field has a potential to be an alternative design candidate when dealing with low porosity electrode, as the difference of the power loss with respect to the flow field configurations is notably observed in comparison with the case of high porosity electrode.
